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Two-Dimensional Weak Shock-Vortex Interaction
in a Mixing Zone
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The interaction between a vortex or a pair of vortices and a shock is studied by using two-dimensional direct
numerical simulation. The deformation of the shock structure is analyzed and the mechanisms leading to the
formation of triple points are underscored. It is shown that they are related to the appearance of pressure gradients
in the direction parallel to the shock resulting from the shock-vortex interaction. A distribution of an inert chemical
species, i.e., mixture fraction, is prescribed within the vortex. From its time evolution, one analyzes the coupling
between the response of the shock to the disturbance and the change in mixing rate, Modifications of the maximum
of the scalar gradient are observed in the direction perpendicular to the shock and also, to a smaller extent, in the

direction parallel to the shock.

Nomenclature

= stretching function of the mesh

= coefficients of the PADE scheme

= diffusion coefficient of the inert chemical species
= reference length of the problem

= Mach number

= total number of grid points in streamwise direction
= pressure

= Prandtl number

= mesh stretching ratio and stretching rate

= radius of the vortex

= acoustic Reynolds number

= polar coordinates

s = position on the uniform mesh

u = velocity vector

x = position on the nonuniform mesh

Xmax = size of the computational domain in the streamwise
direction

Y = mass fraction of the inert chemical species (mixture
fraction)

o = coefficient of the PADE scheme

y = ratio of specific heats

Sy = shock thickness

3% = mixing layer thickness

0 = angle characterizing the initial degree of mixing

A = mean free path

P = density

v = stream function

Subscripts

down = downstream from the shock wave

D = pair of vortices

up = upstream from the shock wave

v = vortex
s singles vortex
0 spanwise position of the mixing zone
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Introduction

HE interaction between mixing zones and shock waves is a

problem of fundamental interest. This is especially true in the
case of nonpremixed supersonic combustion where the thermodiffu-
sive balance, which controls the inner structure of the flame, may be
strongly modified by pressure discontinuities.! Within supersonic
reactive mixing layers, coherent structures, which play a crucial
role in mixing, can be convected through shock waves. Therefore,
quantifying the impact of a pressure discontinuity on the properties
of the structure itself and on the degree of mixing is of importance
in characterizing supersonic combustion systems.

In this spirit, we have carried out two-dimensional numerical sim-
ulations to investigate the interaction between a vortex or a pair of
vortices and a weak shock wave. The effect of the shock on mix-
ing is addressed by prescribing within the vortex a distribution of
a nonreactive species ¥ which will be convected through the shock
interface; here, Y characterizes the mixing and corresponds to the
mixture fraction widely used in the description of nonpremixed tur-
bulent flames.! The time evolution of the mixture fraction gradients
in both the parallel and perpendicular directions to the shock are
indicators of the modification of mixing which could be induced by
the presence of pressure discontinuities.

We have essentially restricted the study to weak shocks because
this allows us to solve the inner structure of the shock without adding
any artificial numerical treatment. Consequently, it enables the ex-
amination in great detail of the local deformation of the shock, along
with the corresponding effect on the vortices when they travel from
supersonic zones to subsonic zones. Moreover, weak shocks are
known to be an effective concept when one wishes to investigate
thoroughly the behavior of pressure jumps in flows.?

The tone in the following is mostly descriptive; the results are
issued from observation of the numerical results. The properties
of the shock wave and of the structure of the vortices during their
interaction are described in detail, and it is found that the shock
interface is first locally stretched by the vorticity and then secondary
pressure discontinuities appear. They result from the deformation
of the shock, which yields to a nonzero value of the component of
the pressure gradient in the direction parallel to the shock. These
waves are induced by the circulation of the vortex, and they are
attached to the shock. By increasing the vorticity magnitude, it is
observed that these secondary pressure jumps can become shock
waves before the shock relaxes to its initial steady condition. With
regard to mixing rate modification, it is observed that the component
of the mixture fraction gradient in the direction normal to the shock
is increased by compression, whereas the local deformation of the
shock plus the rotation of the vortex, which convects the increase in
the normal direction, are responsible for the enhancement of the
paraliel component of this gradient.
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Finally, in the case of a pair of vortices, a simple analysis emerges
from the observed features of the acoustic field. It is based on the ex-
trapolation of the phenomena observed in the single vortex situation.

Methodology

The fully compressible Navier—Stokes equations are solved, the
Schmidt number and the Prandtl number are constant and the dy-
namic viscosity is a function of the temperature. Figure 1 is a sketch
of the simulation, at the supersonic entrance, where constant val-
ues for the mass flow rate, density and total energy are prescribed,
whereas nonreflecting boundary conditions® are used at the subsonic
outlet and at the spanwise boundaries of the computational domain.

A sixth-order accurate PADE spatial discretization®* is jointly used
with a third-order accurate Runge—Kutta method for time stepping,’
and the present simulations are two dimensional. This numerical
approach has been shown to be an effective tool for studying shock-
turbulence interaction.® The first derivative of a quantity f, evalu-
ated on a mesh constituted of N grid nodes equally separated by a
distance As, is for the finite difference Lele’s quasispectral scheme*:

ﬂ+a(ﬂ+1+ﬂ_l)=5§—;(ﬁ+l Fo+ 1 (f,+2 fi2)

When introducing Taylor series expansion this becomes
4L A a+2"b 2
fi= Zf ((2n+1)' ot

n=>0
From the preceding expression one deduces* the values of the
coefficients o, a, and b which provide an approximation for the
point 3 < i < N — 2 that is sixth-order accurate

o=1 a:%(4—20¢),

L b=3(4a—1)

At the boundaries (i = 1,{ = N) the accuracy is reduced to third
order, although a fourth-order scheme that ensures conservative
properties is chosen for the points i =2 andi = N — 1.

The same procedure is applied to get a finite difference approxi-
mation of the second-order derivative

[ el + L0
= ! 2 b 2
=7 alfipn —2fi + fi-1) + Z(fi+2 =2fi+ fi-2)
leading to

= Z f¥As

ez, 20!
2. (2 )‘[a+2 b —(Zn—Z)!a]

and sixth-order accuracy is obtained for
a =13, b=-27

Derivatives are evaluated by projection of the nonuniform mesh
(0 < X < Xmax) On to a regular mesh (0 < s < 1), which step

Vortex

Hixing 2on

Fig.1 Sketch of the simulation.

is As. The nonuniform mesh is generated by imposing a stretching
position xo, a stretching ratio ¢, and a stretching rate g,. The link
between the s and x coordinates is given by

X = [xmax/A(l)]A(s)

where

A(s) =5 — */——i{erf[q, (s — 50)] — erf(—g,50)}

and the s, parameter is obtained from the solution of

0= —L A(1) — “F 1

Xmax

erf( qrs0)

First a one-dimensional shock configuration is computed to esti-
mate the numerical accuracy and to initialize the two-dimensional
simulations. This preliminary simulation is initiated by using the
Rankine-Hugoniot relations and the prescribed distributions for
pressure and density inside the shock. A first guess of the shock’s
thickness is given by using the relations of Shapiro®

4 4 y—1 1
8y = -+
y+ 113 Pr ) Re(M*—1)

_ Ly + DM
T I+l - D/2AM,

where M, is the inlet Mach number. This is found to provide the
thickness of the shock within a 7% accuracy compared to the con-
verged one-dimensional solution. The weak shock resulting from
the one-dimensional solution displays stable profiles in time and is
used to initialize the problems.

A vortex characterized by the stream function W and the pressure
distribution P(r) (Ref. 9) is added to the supersonic side:

where

*2

vewrep( Lo P(r) =P, w2
—UREP\S TRz ) r"°°2R2

where R is the radius of the vortex and «* the maximum value of
its tangential velocity.

The conservation equation subject to the concentration level
Y (x, ¢) of the mixture fraction may be written

aY 1
— =—u-VY+ —[V(pDVY)]
at 0

As an initial condition, a hyperbolic tangent distribution with a
gradient parallel to the shock is chosen for Y

e =g i-a[ 22

where y, is the spanwise position of the mixing zone, 8y its thick-
ness, and y® the distribution within the vortex, which is organized

such that
11—r
= 0
y' =y, +rsin [ﬂ exp(2 R? )]

where the polar coordinates (r, 8) are defined relative to the position
of the core of the vortex (xj, ;). The 6 angle controls the initial de-
gree of mixing. This distribution provides gradients of the mixture
fraction field in all of the spatial directions and will be convected by
the flowfield toward the shock wave. Various values for the magni-
tude of the gradient along the isolines of the mixture fraction field
associated with a distribution of strain rate will then interact with
the pressure discontinuity.

The Navier-Stokes equations are solved in nondimensional form.
To characterize the considered problem, it is possible to relate the
acoustic Reynolds number Re, based on the speed of sound, and a
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Fig.2 One-dimensional weak shock computations for various grid re-
finements, 7 = N&; /Xmax-

characteristic length of the study (L) to the mean free path A. By
using the relationship between the dynamic viscosity and the mean
free path'" one may write Re/2 ~ L/A. The thickness of the weak
shock is on the order of 10 mean free paths, whereas the diameter of
the vortex is equivalent to 250 (the computational domain contains
20004). The inlet Mach number M, is set to 1.2, whereas the value
of the pressure and density are those of the standard conditions.
Results are made nondimensional by the inlet Mach number and by
the thickness of the shock evaluated as

8 = [(Pdown - Pup)/max(aP(X) )}
ax

where Py, and Pgowy are the upsiream and downstream value of the
pressure. In this nondimensional shock unit system, the length of
the computational domain is x,,x = 2000, and the mesh is refined
at the shock location with the parameters ¢ = 23 and g, = 77.
The mesh is also refined in the transverse direction (direction of
the mean mixture fraction gradient) at the position yo (g = 21 and
g, = 38). The simulations are realized with a 256 x 192 mesh. (Each
of the presented simulations represents a CPU time of about 4 h on
a SGI Challenge L.) To determine this optimal set of parameters
tests have been performed with various grid refinements. Figure 2
displays pressure profiles in the case of one-dimensional shock com-
putations corresponding to different numbers of grid points within
the shock interface, oscillations have been observed for coarse grids,
ie, n = N&;/xmax < 3. Hence, the stretching parameters for the
two-dimensional computations have been chosen in order to always
ensure n > 3 in the zones where pressure discontinuities need to be
captured.

The vortices are characterized by the maximum velocity u? they
induce and by a length [* estimated, in the case of a single vortex,
like the diameter of the vortex, or, in the case of a pair of vortices,
like the sum of the diameter and the distance between the core of
the vortices. The single vortex is characterized in shock units by
a length [J = 25 and a velocity u! = 0.33, whereas the pair of
vortices corresponds to [ = 50 and u}, = 0.33. The mixing layer’s
thickness is equal to 8y = 40 in shock units.

Shock-Single Vortex Interaction

When the vortex interacts with the shock, the velocity field of
the vortex is added to the jump in velocity imposed by the shock
interface, and the discontinuity is convected toward the subsonic
zone by the higher streamwise velocity Uy, + #* induced by the
vortex and toward the supersonic zone by the lower streamwise ve-
locity Uy, —u” (Fig. 3a). Thus, the pressure discontinuity interacting
with the vortex is symmetrically stretched at first (Fig. 4). The ad-
ditional velocity (4-u") is responsible for the creation of a stronger
shock zone with an increase in pressure of (1/2)pu®?. Similarly, a
weaker shock is formed by the decrease in velocity —u¥. Because
of the different values of the pressure jump along the shock in the
spanwise direction, the vortex is distorted (Fig. 4). This goes along
with a nonsymmetric deformation of the shock featuring a more

1 M< 1
Vortex
S

Fig.3 Sketch of the shock-single vortex interaction.
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Fig. 4 Pressure field: vortex crossing the shock.
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Fig. 5 Pressure field: vortex in subsonic zone.

pronounced curvature in the subsonic side (Fig. 5) that evolves into
a cusp. During this deformation, pressure gradients appear in the
transverse direction (Figs. 6 and 3b). These additional transverse
components to the pressure jump locally generate secondary pres-
sure discontinuities visible in Fig. 6 and noted 1 and 2 in Fig. 3c.
They are both attached to the shock. The secondary discontinuity
1 follows the circulation of the vortex and decays as the structure
moves away from the shock. The upper branch 2 touches the vortex
and is sustained by its rotation (Fig. 3c). It is observed that for small
values of the vorticity the shock relaxes to its initial position before
the convected compression zone 2 can become an entropy jump; in
the case of a stronger vortex this wave may behave like a secondary
shock leading to a triple point, noted T in Fig. 3. For successive
times, Fig. 7 presents longitudinal pressure profiles in the shock
zone at a spanwise location corresponding to the position of the
cusp where a triple point may be found. One may observe the initial
condition (%), the displacement of the shock along with the local
compression (¢;) and the relaxation of the shock interface toward its
initial position (¢, and #3).

In all of the figures presenting the pressure field, circular pres-
sure waves generated by the relaxation of the incompressible initial
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Fig. 6 Pressure field: vortex in subsonic zone.
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Fig.7 Time evolution of the longitudinal pressure profiles at location
T; see Fig. 3.

Fig. 8 Vorticity field: vortex crossing the shock.

vortex condition are visible, and within the core of the vortex, the
pressure distribution due to the vortex motion is also observed. Be-
cause of the compressibility effects, the vorticity magnitude is in-
creased and the structure is compressed in the direction normal to
the shock (Fig. 8), and it is bent according to the curvature of the
shock (Fig. 9).

We now wish to focus on the impact of the shock on the structure
of the mixing zone. The gradient of the mixture fraction is mod-
ified by compression; maximum values of its components in both
directions normal (x) and parallel to the shock (y) are plotted vs
time in Fig. 9. First, it is important to note that the mean slopes of
the curves max[V, Y (¢)] and max[V,Y (¢)] (Fig. 10) are controlled
by the relative effects of diffusion and convection, therefore, only

Fig. 9 Vorticity field: vortex in subsonic zone.
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Fig. 10 Time evolution of the maximum value of the components of
the mixture fraction gradients, x direction normal to the shock, and y
direction parallel to the shock.

sudden evolutions are relevant to quantify mixing rate modifications
that are directly linked to the presence of the shock.

A jump is observed for max{V, Y (#)] when the vortex interacts
with the pressure discontinuity (from 1 to 2 in Fig. 10). Because
of the movement induced by the vortex, the value of this jump is
found to be larger (~10%) than the order of magnitude evaluated
in a one-dimensional compression of the nonreactive mixture frac-
tion field. This modification of the gradient is convected by the
circulation of the vortex and yields to an increase in the direction
parallel to the shock. Moreover, the nonsymmetric deformation of
the shock interface already mentioned brings for the mixture frac-
tion a convective lag between the stronger and the weaker shock
zones [Figs. 3a and 3b]. This phenomenon, in conjunction with the
appearance of a pressure gradient in the y direction, explains the
increase of max[V, Y ()] observed in Fig. 10 (from 3 to 4).

Therefore, the gradients of the scalar field both in directions par-
allel and perpendicular to the shock are increased during the shock-
structure interaction and so is diffusion at the scale of the vortex.

Shock-Pair of Vortices Interaction

In supersonic flows involving complex geometries, when vortical
structures and shock waves are simultaneously present, it is likely
that mixing zones feature multiple shock-vortices interactions. In
this section we describe the interaction between a weak shock and
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Fig. 11 Sketch of the shock-pair of vortices A interaction.

Fig. 13 Pressure field: pair of vortices A in subsonic zone.
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Fig. 14 Pressure field: pair of vortices A in subsonic zone, relaxation

of the shock.
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Fig. 15 Pressure field: pair of vortices A in subsonic zone, exiting the
computational domain.
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Fig. 16 Sketch of the shock-pair of vortices B interaction.
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Fig. 17 Pressure field: pair of vortices B crossing the shock.

a pair of vortical structures. Two vortices are convected toward the
shock and, depending on the relative orientation of their vortic-
ity vectors, the possibilities of generating one or two triple points
emerge.

Figure 11 is a sketch of the pair of vortices-shock interaction cor-
responding to the case of two vortices rotating so that the velocities
they induced are added to push the shock interface toward subsonic
zone (case A). Figure 12 shows the deformation of the shock to-
ward the subsonic zone; then a cusp is formed (Figs. 11b and 13)
and two secondary pressure discontinuities appear. These waves are
equivalent to the upper pressure jump observed in the single vortex
interaction (Fig. 3¢). As observed in Fig. 13, the secondary pressure
jumps 2 following local depressions are sustained by the rotation of
the vortices and lead, when they merge, to the possibility of a single
triple point (denoted T in Fig. 11b). The compression, i.e., creation
of a stronger shock, is simply convected by the pair of vortices;
therefore, waves equivalent to 1 of Fig. 3¢ cannot exist. Then the
system relaxes (Figs. 14 and 15).

Figure 16 is a sketch of the pair of vortices-shock interaction cor-
responding to the case of two vortices rotating so that the velocities
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Fig. 19 Pressure field: pair of vortices B in subsonic zone, relaxation

of the shock.
M>1 gn < 1

Fig. 20 Pressure field: pair of vortices B in subsonic zone, exiting the
computational domain.

they induced are subtracted to the upstream velocity to attract the
shock interface to the supersonic zone (case B). At a first stage,
the shock is convected upstream by the vortices (Figs. 16a and 17).
Then, each vortex induces a cusp (Figs. 16band 18). Fromeach cusp,
two secondary pressure discontinuities develop (Figs. 16¢ and 19)
two triple points are formed. Figure 20 shows the relaxation of
the shock with the two secondary shocks 2 merging. In this case
(Figs. 16-20) the interaction behaves like a double single vortex-
shock interaction.

Conclusion

Within supersonic combustion devices, mixing zones involving
large-scale structures and shock waves interact. We have thoroughly
investigated the interaction between a weak shock wave and a vortex
and/or a pair of vortices convecting an inert mixing zone. Direct nu-
merical simulations including viscous effects have been performed,
and various physical phenomena linked to the modification of the
shock and to the mixing zone are observed.

The generation of acoustic waves is found and is associated with
a nonsymmetric deformation of the shock structure. During the in-
teraction, pressure gradients in the direction parallel to the shock
are created. They promote the generation of two secondary pressure
discontinuities attached to the shock, and one of them may lead to
the existence of a triple point.

Anincrease in the maximum value of the scalar gradient induced
by the crossing of the pressure discontinuity is shown to be present
in both components of the gradient, parallel and perpendicular to
the shock.

The possible formation of triple points, which is a very important
feature of supersonic-subsonic transition, has been observed in all
of the studied interactions.
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